B/Q), then the order of its Tate-Shafarevich group is N T + /Q (f)
2 , where f is the integral R + -ideal defined in section 2. Following Buhler-Gross [BG] , we conjecture that the order ideal s B of the R + -module B/Q is in fact f 2 ; note that, by our theorem, this is compatible with the Birch-Swinnerton-Dyer conjecture, and is a refinement of it. Our results shore up the Buhler-Gross conjecture in several ways: namely, our predicted order ideal f 2 is known to be the square of an integral ideal of R + . Previously, Buhler and Gross verified these properties numerically in hundreds of cases.
Our formula gives an effective means of computing the (predicted) order ideal of the Tate-Shafarevich group for these curves, and is similar to the formula one of us [RV] found for the cardinality of A(p)/F for p ≡ 7 mod 8; see also [H] . We implemented this procedure on a computer (some tables of our data appear at the end of the paper). This allowed us to make a conjectural numerical study of the R + -module B/Q . We were particularly interested in the question of whether this module can be "non-trivial," in the sense that its order ideal s B is not trivial in the class group of R + . We succeeded in finding three examples where the (predicted) order ideal f 2 is not principal, not an entirely trivial task. Using some results from [H] , this answers, at the same time, a question of Gross concerning the triviality of a certain 1-cocycle induced by the units used to define f. We should remark that there are order ideals attached to the torsion of B/Q and to its local factors at infinity and at the places of bad reduction (see Gross [Gr2] ), and that a suitable product of all these ideals with the order ideal of the Tate-Shafarevich group is expected to be principal (generated by the algebraic part of the critical L-value), but that these ideals need not be principal in R + individually, as demonstrated here.
We should explain that the restriction to the rather special case of twisting by −3 is made in order to keep the technicalities in the calculation of L(1, ψ) (in section 5) to a minimum. The general factorization formula we prove in that section (Proposition 8) should yield a similar formula for L(1, ψ) for more general twists, but in the case of twisting by −3, the various Jacobi theta functions with characteristics reduce down to the relatively simple eta function; moreover, in the calculation of the local factors in the Birch-Swinnerton-Dyer conjecture, various dyadic primes just cancel in the case of twist by −3, giving the clean formula for the predicted order ideal presented here. Also, see the recent paper by Rodriguez Villegas and Yang [RVY] .
The organization of the sections is as follows. We set up the notation and make various definitions in section 1. In section 2, we define the algebraic quantities s and f; the action of Galois on them is determined easily using the results of [HRV] . In section 3, we introduce the elliptic curves A of interest, and obtain a formula for L(1, A/F ), assuming the formula for L(1, ψ) (whose proof, being somewhat technical, we defer to section 5). A calculation of the various factors in the Birch-Swinnerton-Dyer conjecture then yields the main theorem. In section 4, we recall the question of Gross, first posed in [Gr3] and further investigated in [H] , and present calculations carried out using the package GP-PARI, illustrating three examples where the class of the (predicted) order ideal of the Tate-Shafarevich group is non-trivial, answering Questions 2.9, 2.10 and 2.13 of [H] . As in [RV] , the two main ingredients for expressing L(1, ψ) as a period times s 2 are, first a formula, following Hecke, expressing L(1, ψ) in terms of binary theta series (section 5.1), and a "factorization formula" expressing values of these theta series at CM points as a product of values of two half-integralweight theta series at related CM points (section 5.2). We conclude with a table of predicted orders of the Tate-Shafarevich group of A(p) −3 , as well as a table of the ideals f for small p.
Preliminaries
Suppose K ⊂ C is an imaginary quadratic field with discriminant −d relatively prime to 6 and class number h. With the exception of sections 1 and 5, we will in fact assume d = p is a prime ≡ 3 mod 8. (At the top of each section, we indicate our assumptions regarding d). We write O = O K for the ring of integers of K. Let be the Dirichlet character associated to K, extended to
Here and throughout the paper, we use the notation ( · · ) for the Kronecker symbol. We write
Consider the set Φ of Hecke characters φ of K such that
There are exactly h such characters, they all have conductor ( √ −d), the ratio of any two being a character of Cl K . Let χ be the quadratic Dirichlet character associated to Q(
for integers a prime to 3 and χ(a) = 0 otherwise. Consider the set Ψ of twists
If a is not relatively prime to 3d, ψ(a) = 0, and, for all a, ψ(a) = ψ(a). Also,
For the remainder of the paper, fix a base point φ 0 ∈ Φ and its χ-twist ψ 0 ∈ Ψ; their unramified twists φ 0 ϕ, ψ 0 ϕ -with ϕ ∈ Cl K -span Φ, Ψ, respectively.
We will need two kinds of CM-points attached to an ideal a of O: one, denoted τ a , at which we will evaluate integral-weight modular forms (of level d) , and another, denoted z a , for half-integral-weight modular forms (of level a power of 2). For a primitive O-ideal a of norm a prime to 6d, we may always choose a basis
. In particular, we may choose b ∈ 3dZ, and put
which is well-defined modulo 3Z and whose image in H/Γ 0 (d) depends only the class [a] . Similarly, we may always choose b ≡ 1 mod 16 and then set
well-defined modulo 8Z.
The units u C and the ideal f
In this section, we assume that d = p > 3 is a prime satisfying p ≡ 3 mod 8, so δ = 1 and h is odd.
this is a number field of degree h whose remaining embeddings are complex. Recall that H = H + K is the Hilbert class field of K.
Let T = T φ 0 be the subfield of C generated by the values of φ 0 , and put T + = T ∩ R. Then T + is totally real of degree h over Q and T /T + is a CM extension.
and we may identify Cl K with the embeddings of M/H in C, the trivial character corresponding to our fixed embedding T φ 0 . For instance, for x ∈ H, ϕ ∈ Cl K , and a ⊆ O, we have (φ 0 (a)x) ϕ = (ϕφ 0 )(a)x. Also, we may identify Cl K with Gal(M/T ) via the Artin map C → σ C . For more detailed explanations of these facts, we refer the reader to Gross [Gr1] .
Recall that the Dedekind eta function defined for z ∈ H by
has the series expansion
which converges quickly, when (z) is bounded below by a positive constant. 
Remark. That u C is well-defined may be checked directly; it also follows easily from Corollary 10 which we will establish in section 5. For d ≡ 7 mod 8, the units u C were introduced already in [RV] ; the definition in the two cases differs only by the factor (
−4
Na ) δ . In the proof of [H, Theorem 3 .1], the presence of this symbol should have been mentioned.
To see the algebraic properties of u C , we note that, in the notation of [HRV] ,
hence by [HRV, Prop. 10 
Moreover, by [HRV, Prop. 10] ,
We see that these units give rise to a 1-cocycle with values in
In order to maintain consistency with the notation in [H] , let us write for
In particular, the integral ideal sO M is fixed by Gal(M/T ). Since M/T is unramified, and since s = s, there is a unique ideal f of O T + such that fO M = sO M . Note that f h is principal, generated by s C u C ∈ O T + ; we will be interested in whether f itself is principal in O T + . We note that in [H] , s and f were called s w and f w , respectively. Section 5 will be devoted to the proof of
The Q-curve A(p)
− 3 In this section, we continue to assume that d = p > 3 is a prime satisfying p ≡ 3 mod 8. There is an elliptic curve
where m, n are the unique real numbers defined by
Using the classical theory of complex multiplication, one shows that m, n are actually elements of H + ; see, for example, [HRV, Theorem 17] . Over H, A(p) acquires complex multiplication by O K , and is isogenous to all of its Galois conjugates.
Consider the elliptic curve
The CM elliptic curve A has associated Hecke character ψ 0 • N H/K . By Shimura [Sh] , we have the factorization Since the norm of the order ideal is the cardinality of the module, in order to check that this conjecture is consistent with that of Birch and Swinnerton-Dyer, we must verify that the latter predicts the order of B/Q to be N T + /Q (f) 2 . This is our main result (Theorem 5), and is proved below.
We follow Manin's notation and setup for the Birch-Swinnerton-Dyer conjecture [Ma] . For instance, for a place v of H + , we denote the local factor
The primes of bad reduction for A/H
+ are the primes above p and those above 3; for all other finite places v, m v = 1.
Lemma 4. With κ as defined in (1), the local factors
Proof. For i ) and iii ), we refer to the calculation of the same quantities for A(p) in [RV, , as they require little or no modification for A(p) −3 .
For ii), we note that 
we find that the predicted order of A/H + is S 2 where
The class of the order ideal, and a question of Gross
We continue to assume that d = p > 3 is a prime satisfying p ≡ 3 mod 8. Let us return to the cocycle w defined in section 3. It is easily seen that the cohomology class [w] h is trivial, split by σ w −1 σ , and it is natural to ask whether Gross [Gr3] constructed units (called u σ in [H] ) which are essentially the squares of w σ and asked the same question about their cohomology class [u] . The classes [u] and [w] in fact are either both trivial or both non-trivial; for more details, see [H] , especially Theorem 3.4 and Questions 2.9, 2.10, 2.13. Question 2.10 was answered in the negative in [H] by calculating some examples; here we will do the same for Questions 2.9 and 2.13 of [H] . Before doing so, we recall ( [H, Theorem 2.12] ) that the cohomology class of w is trivial if and only if the ideal class of f in Cl T + is trivial. Hence, assuming the above refined Birch-Swinnerton-Dyer conjecture, Gross' original question boils down to whether the ideal class of the Tate-Shafarevich order ideal of B/Q is trivial in the class group of R + . The difficulty in finding non-trivial examples is that the class number of T + is seldom greater than 1 and very seldom has a non-trivial factor in common with h, which is what we need since [f] is killed by h. In one case previously investigated where h T + and h have a factor in common, namely p = 4027, it turned out that f was principal [H] . 2) In examples 1 and 3, the class of the different in R + is not principal, so there is no power basis for R + /Z. According to de Smit [dS] , the non-triviality of the class of the different implies that, as Z-algebra, R + is not a complete intersection. Note that R + is a quotient of the Hecke algebra T ⊂ End(J 0 (9p 2 )).
Calculating L(1, ψ)
We now give a proof of Theorem 2. We divide this section into three parts. In the first two subsections, we relax the condition on the discriminant −d, requiring only that it be prime to 6. In the third subsection, we return to the case where d = p > 3 is a prime ≡ 3 mod 8, and complete the proof of Theorem 2.
Eisenstein series of weight 1. For an ideal a of O K prime to 6d, define a partial Hecke series
As usual, the prime indicates that the sum is over the non-zero elements of a. Via a standard argument, one expresses the Hecke L-series L(s, ψ) =
Recall the Eisenstein series (of weight 1 and character on Γ 0 (d))
which is not an absolutely convergent series, but is summed by the Hecke trick
Its Fourier expansion is given by Hecke [He, Werke p. 454 ]
where r n = m|n (m) is the number of ideals of norm n in O K . For an ideal a of O K , the associated binary theta series 
In [RVZ] , L(1, φ) was expressed as a sum of values of G 1, at CM-points. Here we do the same for L (1, ψ) , but the expression is, at least initially, more complicated as we must pass through an intermediary twisted Eisenstein series
again summed via Hecke's trick. One way to calculate the Fourier expansion of G 1, ,χ is to relate it to G 1, .
Lemma 6. For all
Proof. We can break up the sum (7) according to congruence classes modulo 3, and verify:
Adding these together, and taking note of the identities χ(d) = − (3), χ(d+1) = ( (3) − 1)/2, we get the desired formula.
We are now ready to express the critical value L(1, ψ) in terms of binary theta series evaluated at CM points.
Lemma 7. With κ as in (1), we have
Proof. Suppose a is primitive and has norm a prime to 6d. Elements λ ∈ a correspond to integer pairs m, n via λ = a(mdτ a + n); for this λ, one easily checks that (λ) = (n), χ(|λ|
In particular,
Combining (10) with (2) and (6), and using Lemma 6 together with (9), we arrive at the desired formula.
A factorization formula.
Our goal in this subsection is to express each term in the sum appearing in Lemma 7 as a product of two η-values times simple constants. We derive this from a suitable generalization of the factorization formula of Rodriguez Villegas and Zagier [RVZ] , which reads
where a is a positive integer, z = x + iy ∈ H, Q z (m, n) = |mz − n| 2 /2y is a quadratic form of discriminant −1, and the theta function θ µ ν with arbitrary characteristics µ, ν ∈ Q is defined by
More generally, for any function f on Z, we put
For later reference, we note the identities (For the classical Wigner transform, see Folland [Fo] ). A simple change of variables yields the expression
We are now ready to state the promised factorization formula. 
Proof. Suppose r, s are integers and that sµ ∈ Z. We consider the factorization formula (11) 
In the first sum on the right hand side of the above equation, we may choose representatives s mod N with sµ ∈ Z since N is prime to the denominator of µ. It remains to simplify the two sums of theta series. First, the sum over s:
For the sum over r, we write:
then make a change of variables
This completes the proof.
Proposition 9.
For ideals a, a 1 of O K relatively prime to 6d and to each other,
Proof. We first plug in µ = 1/2, ν = δ/2, f = g = χ into the factorization formula and use the identity
which is easily verified using (3), to obtain (16) m,n∈Z
Recall that for z = x + iy, Q z (m, n) = |mz − n| 2 /2y. We may choose a basis
, b∈ 3dZ, b≡ 1 mod 16, and put 
be a quadratic form associated to aa 1 = aa 1 [1, z] . Substituting the congruence
into (16), we find
It is easy (using (13), say) to verify that
Plugging this into the previous equation yields the result since
From the transformation properties of the modular form Θ a (z) under homotheties of a and under the Γ 0 (d)-action on z, we deduce the following: 
Since h is odd, every ideal class is representable by a square ideal. Now we change variables twice, first replacing a 1 by a 2 1 , then replacing a by aa
This completes the proof, since s ϕ is real.
Tables
In this section, we present the results of numerical calculations in the form of a few tables. In the first table, for primes 3 < p < 3000, congruent to 3 modulo 8, we list p, h, and S = ±N T + /Q (f) (computed via (5) In the second, third and fourth tables, for primes p ≡ 3 mod 8 such that Q( √ −p) has class number h = 3, 5, or 7, and such that R + is the maximal order O T + , we list p and f, the ideal whose square is conjecturally the order ideal of the Tate-Shafarevich group of B/Q. In all cases other than the three detailed in section 4, the R + -ideal f is principal. The notation for these tables is as follows: p r denotes a prime of degree one over the rational prime r, and and q r,f denotes a prime of degree f > 1 over r. When there is more than one prime of degree 1, respectively of degree f > 1, in R + , we write instead p r , p r , . . . , respectively q r,f , q r,f , . . . . In the latter cases, we have not specified exactly which ideals occur in f, in order to keep the notation from becoming even more cumbersome. Note that primes of degree one are much more prevalent.
Finally, we take this opportunity to make a few remarks on a table (for the curve A(p), p ≡ 7 mod 8), which appears in [RV] ; it was noted in that paper that within the range of calculations (p < 3000) the number S(p) (whose square is the predicted order of A(p)/F ) was rarely even, and never divisible exactly by 2. The latter part of this observation is easily explained: it was shown by Gross [Gr1] that Gal(H/K), a group of odd order, acts non-trivially (indeed without fixed points) on the 2-part of A(p)/F , and this action commutes with the Cassels-Tate pairing. It follows (e.g. from Iwasawa [Iw] ) that the 2-rank of A(p)/F , if non-zero, is at least 2f where f is the minimum, over prime divisors q of h, of the order of 2 in (Z/qZ) * . As for the rarity of A(p)/F of even order, Gross has pointed out that there is heuristic evidence (and we have verified numerically) that the 2-part of this group is trivial if and only if the 2-part of the class group of F is trivial. The Cohen-Lenstra heuristic suggests that the latter should often be the case (again sustained by numerical data [Ha] ) since the class group of F is non-cyclic whenever it is not trivial. 
